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Since most of the neutrino parameters are well-measured, we illustrate precisely the prediction
of the Standard Model, minimally extended to allow massive neutrinos, for the electron neutrino
magnetic moment. We elaborate on the effects of light sterile neutrinos on the effective electron
neutrino magnetic moment measured at the reactors. We explicitly show that the kinematical effects
of the neutrino masses are negligible even for light sterile neutrinos.
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I. INTRODUCTION
Neutrinos primarily interact via weak interactions. Seminal experiments carried out during the last two decades
established the long-suspected fact that those interactions couple to particular combinations of mass eigenstates that
define the neutrino flavor. Weak interactions preserve the chirality of the particles, so they would be operative even if
neutrinos were massless. Neutrinos are electrically neutral particles, but they can have electromagnetic interactions
through loops with charged particles. The resulting neutrino dipole moments would vanish if the neutrino mass were
zero since such electromagnetic interactions change the chirality of the particles. However, the same experiments
that established the neutrino mixing also established that neutrinos are massive, indicating the presence of neutrino
dipole moments. The prediction of the Standard Model, minimally extended to allow massive neutrinos, for the
neutrino dipole moments is very small. Now that most of the neutrino parameters are well-measured, we know rather
precisely what that prediction is as we elaborate below. Possible sterile neutrino states do not have the standard weak
interaction, but they may have rather large electromagnetic interactions.
The effects of even a very small neutrino magnetic moment can be amplified in astrophysical settings. For example
much of the recent work on the neutrino magnetic moment can be traced back to the hints of the correlation of the
solar neutrino flux with solar magnetic activity as either spin precession alone [1] or spin-flavor precession coupled
to the matter effects [2, 3]. Although evidence for variability of the solar neutrino flux still seems to persist [4],
spin-flavor precession scenario does not play a major role in neutrino propagation in the solar matter [5]. Indeed
strict experimental limits on the lack of solar antineutrino flux that would result from spin-flavor precession have been
established [6]. Another example is enhanced neutrino losses due to plasmon decay, γ∗ → ν¯ν, via neutrino dipole
moments. Since neutrinos freely escape the stellar environment this process in turn cools a red giant star faster,
delaying helium ignition and increasing the core mass of red giants at the helium flash [7]. The most up-to-date
limit is from the red-giant branch in the globular cluster M5: µν < 4.5 × 10−12µB (95% CL) [8]. To be precise, the
energy-loss argument provides a limit on the sum all neutrino dipole moments and it only applies to neutrinos whose
masses do not exceed a few keVs (so that their production is energetically permitted).
For neutrino-electron scattering the magnetic moment contribution is dominant over the standard electroweak
contribution at low recoil energies. Although both solar and reactor neutrinos are used to perform such experiments,
the best terrestrial bounds come from reactor experiments. The current best reactor neutrino limit is given by the
GEMMA spectrometer at Kalinin Nuclear Power Plant [9]. GEMMA finds µν < 2.9 × 10−11µB at 90% C.L. with
a detector placed at a distance of 13.9 m from the reactor core. Another experiment carried out by the TEXONO
collaboration at the Kuo-Sheng Nuclear Power Station finds µν < 2.2× 10−10µB with a detector placed at a distance
of 28 m from the reactor core [10].
It is possible to interpret various anomalous results from some of the neutrino experiments, astrophysical observa-
tions, and cosmology as evidence for the existence of sterile neutrinos [11]. In particular, there may be a discrepancy
in short-baseline reactor neutrino experiments between observed and predicted antineutrino fluxes [12]. This should
be treated as a rather tentative conclusion. Although earlier analyses seemed to lend support to the discrepancy
(see e.g. [13]), recent work suggests that nuclear corrections that give rise to this anomaly are very uncertain for the
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2forbidden weak transitions that account for about 30% of the flux [14]. Even though the definitive solution to this
puzzle lies in further experiments [15], this reactor anomaly can be interpreted as the signature of additional sterile
neutrino states with mass splittings of the order of ∼ 1 eV2 and oscillation lengths of 3 m. (see e.g. Ref. [16]). If
indeed there are light sterile neutrinos that mix with the electron antineutrino then we expect that they would impact
neutrino magnetic moment measured at the reactors with detectors placed near the core.
We briefly review the neutrino magnetic moment measurements at the reactors in the next section. We illustrate
precisely the prediction of the Standard Model, minimally extended to allow massive neutrinos, for the neutrino
magnetic moment in Section III, where we also discuss the effects of the physics beyond the Standard Model with
only three flavors. In Section IV, we consider the case with only one sterile neutrino. We conclude the paper with
some brief remarks in Section V.
II. NEUTRINO-ELECTRON SCATTERING
We first demonstrate that small neutrino masses do not change the kinematics of neutrino-electron scattering via
the neutrino magnetic moment. To illustrate this consider scattering from neutrino mass eigenstate with mass mi to
the mass eigenstate with mass mj . We calculate this cross section to be
dσij
dt
=
e2µ2ij
8piλ
[
1
t
(2λ+ 4m2em
2
i + 2A∆ + 2m
2
e∆ + ∆
2) + (2A+ ∆) +
2m2e∆
2
t2
]
(II.1)
where µij is the neutrino magnetic moment connecting the mass eigenstates i and j, A = s−m2e−m2i , ∆ = m2i −m2j ,
and λ = A2 − 4m2em2i . To assess the effect of the finite neutrino masses on the cross section we plot the quantities[
dσij
dTe
(mi 6= 0 and/or mj 6= 0)− dσij
dTe
(mi = 0 = mj)
]/[
dσij
dTe
(mi = 0 = mj)
]
(II.2)
in Fig. 1 for various combinations of neutrino masses. In Eq. (II.2), Te is the electron recoil energy. Clearly even for
unrealistically large neutrino masses, the cross section does not change much and we can safely take neutrino masses
FIG. 1: (Color online) The fractional ratio of Eq. II.2 as a function of the neutrino mass. The solid line is for the case mj = 0,
i.e. the x-axis of the plot is mi. The dotted line is when mi = mj = variable of the x-axis. The dashed line is for the case
mi = 0, i.e. the variable in the x-axis is mj . The electron recoil energy is taken to be GEMMA’s threshold energy of 2.8 keV.
3to be zero in Eq. (II.1). In the limit mi ∼ 0 ∼ mj Eq. (II.1) reduces to the well-known result [17, 18]:
dσij
dt
=
e2µ2ij
4pi
[
1
t
+
1
s−m2e
]
. (II.3)
In all the neutrino experiments, the electron antineutrino is in a combination of mass eigenstates. Hence one needs to
take into account oscillations between the source and the detector over the distance L, leading to an incoherent sum
of the individual cross sections [19, 20]:
dσ
dt
=
e2
4pi
∑
i
∣∣∣∣∣∣
∑
j
Ueje
−iEjLµji
∣∣∣∣∣∣
2 [
1
t
+
1
s−m2e
]
. (II.4)
The analysis of the experimental data is usually carried out assuming that electron is initially at rest, i.e.,
s = m2e +m
2
i + 2meEν ,
t = −2meTe, (II.5)
where Eν and Te are the total energy of the incoming neutrino and the final kinetic energy of the electron. Eq. (II.4)
then takes the familiar form
dσ
dTe
=
α2pi
m2e
µ2eff
[
1
Te
− 1
Eν
]
, (II.6)
where µeff is the effective neutrino magnetic moment measured at a distance L from the neutrino source and written
in units of Bohr magneton. It is given by
µ2eff =
∑
i
∣∣∣∣∣∣
∑
j
Ueje
−iEjLµji
∣∣∣∣∣∣
2
, (II.7)
where the final neutrino states are summed over since they are not observed in the reactor experiments searching
for the neutrino magnetic moment. Clearly at very short distances where the detectors of GEMMA and TEXONO
detectors are placed, we can ignore the oscillating term if there are no sterile states. However, as we discuss later,
possible contributions of the sterile states cannot be ignored.
Note that for massless neutrinos since the final states have different helicities in the magnetic moment and the
standard weak scattering, they do not interfere. For massive neutrinos the interference term is proportional to the
neutrino masses [19] and we will ignore it. The magnetic moment cross section will exceed the standard weak cross-
section for recoil energies
Te
me
<
pi2α2
G2F (g
2
V + g
2
A)m
4
e
µ2ν . (II.8)
Hence reactor experiments aim to measure as low as possible electron recoil energies. To enable a comparison between
the cross sections, we present the folded differential cross sections for the weak and electromagnetic components of
neutrino-electron scattering in Fig. 2. The weak component of the cross section is plotted in the inset figure both
with (dashed line) and without (solid line) radiative corrections.
III. THREE FLAVORS
The Standard Model, minimally extended to include a massive neutrino, predicts a non-zero value of the magnetic
moment. For Dirac neutrinos this prediction is [22]
µij = − eGF
8
√
2pi2
(mi +mj)
∑
`
U`iU
∗
`jf(r`) (III.1)
with
f(r`) ∼ −3
2
+
3
4
r` + · · · , r` =
(
m`
MW
)2
. (III.2)
4FIG. 2: (Color online) Log-log plot of the weak and electromagnetic components of the differential cross section for neutrino-
electron scattering averaged over the antineutrino spectrum of fissioning 235U. The inset plot is the weak correction on the
linear scale both with (dashed line) and without (solid line) radiative corrections [21].
The electric dipole moment, dij , of a Dirac neutrino is given by a similar expression to Eq. (III.1), except that the
term (mi + mj) is replaced by the term (mi −mj). For Majorana neutrinos only non-diagonal magnetic moments
are permitted. In the case the CP-eigenvalues of the two neutrinos are opposite, the neutrino electric dipole moment
is zero and the non-diagonal terms of the neutrino magnetic dipole moment are given by Eq. (III.1), multiplied by a
factor of 2 (see e.g. Ref. [23]).
Since the neutrino mass differences and all the mixing angles were recently measured with good accuracy, one can
calculate the Standard Model prediction for the effective magnetic moment of Eq. (II.7) as a function of the smallest
neutrino mass. The result for the Dirac neutrinos is given in Fig. 3. Clearly this magnetic moment is well below
current experimental limits. It is possible to put an even tighter limit using cosmological arguments which limit the
sum of all the neutrino masses [25]. To illustrate this in Fig. 4 we plot the Standard Model prediction as a function
of the sum of all the neutrino masses. Standard model predictions for the Majorana neutrino magnetic moment as
a function of the lowest neutrino mass and the sum of neutrino masses are given in Figures 5 and 6, respectively.
These predictions are much lower than those for Dirac neutrinos. This is because in the Standard Model the diagonal
contribution to the neutrino magnetic moment is dominant whereas the non-diagonal contributions are suppressed by
a GIM-like mechanism (cf. Eq. III.1).
In the effective field theory approach, beyond the Standard Model physics is described by local operators at lower
5FIG. 3: (Color online) Standard Model prediction for the magnetic moment of a Dirac neutrino as function of the lowest
neutrino mass, measured in a reactor experiment. NH and IH denote normal and inverted mass hierarchies, respectively. The
neutrino mass differences and mixing angles are taken from the compilation of the Particle Data Group [24]. The error bands
represent the experimental errors in the mass splittings and the mixing angles.
FIG. 4: (Color online) Standard Model prediction for the magnetic moment of a Dirac neutrino as a function of the sum of
neutrino masses, measured in a reactor experiment. NH and IH denote normal and inverted mass hierarchies, respectively. The
vertical lines denote the range 0.32 ≤∑imi ≤ 0.98 eV from the analysis of the most recent Planck data [26].
energies:
L = LSM + C
(5)
Λ
O(5) +
∑
i
C
(6)
i
Λ2
O(6)i +
∑
i
C
(7)
i
Λ3
O(7)i + · · · , (III.3)
where Λ is the scale of the new physics, O(n)i is one of the mass dimension n operators and C(n)i is the associated
6FIG. 5: (Color online) Standard Model prediction for the magnetic moment of a Majorana neutrino measured in a reactor
experiment. NH and IH denote normal and inverted mass hierarchies, respectively. The error bands represent the experimental
errors in the mass splittings and the mixing angles as well as the range of the Majorana phases α1 and α2 (see the Appendix)while
keeping δ = 0.
FIG. 6: (Color online) Same as Figure 4, but for a Majorana neutrino. NH and IH denote normal and inverted mass hierarchies,
respectively.
7multiplier, hoped to be order of unity. The unique dimension-five operator [27] is the Majorana neutrino mass and
the dimension-seven operators include the Majorana magnetic moment.
It is possible to give a general argument that would connect neutrino magnetic moment to the neutrino mass [28–30].
If the magnetic moment is generated by physics at scale Λ, we can generically write
µν ∼ eG
Λ
, (III.4)
where G represents the combination of the coupling constants and other factors coming from the loop integrals that
generate the magnetic moment. If we remove the external photon line from the diagrams leading to Eq. (III.4), we
get a contribution to the neutrino mass of the order
δmν ∼ GΛ. (III.5)
Hence in the case of Dirac neutrinos, magnetic moment terms induce radiative corrections to the neutrino mass of
the order
δmν ∼ µνΛ2. (III.6)
A more careful analysis using effective field theories shows that the quadratic dependence on the energy scale arises
from the quadratic divergence appearing in the renormalization of the dimension four neutrino mass operator [29].
Even for allowing a neutrino mass correction as large as ∼ 1 eV (likely to be the fourth mass eigenstate), and for Λ ∼ 1
TeV, the authors of Ref. [29] find a limit of µν <∼ 8× 10−15µB . For the Majorana neutrinos, however, the limits are
much weaker since mass matrix and magnetic moment matrix have different symmetries in flavor indices. For smaller
values of Λ (∼ 1 TeV), the best bound comes from the one loop contribution to the dimension seven operator in Eq.
(III.3) [31], whereas for larger values of Λ (≥ 10 TeV), the strongest bound comes from the two-loop contribution to
the dimension five mass term [30]. Since the limits on Dirac neutrinos are more stringent, this suggests an observation
of the neutrino magnetic moment of µν >∼ 10−15µB would indicate that neutrinos are Majorana particles.
A summary of the recent status of the electromagnetic properties of neutrinos is given in Ref. [32] to which the
reader is referred to for further details. Note that the neutrino magnetic moment is fundamentally defined in the
mass basis. For Dirac neutrinos we have
Dirac : µij = µ
∗
ji ⇒ µ = µ†. (III.7)
Neutrino magnetic moment can be written in the flavor basis as
µ
(F )
αβ = (UµU
†)αβ , (III.8)
where Uαi is the neutrino mixing matrix. It readily follows that, for Dirac neutrinos, the magnetic moment matrix
is Hermitian in both mass and flavor bases. For Majorana neutrinos, diagonal terms are not permitted in the mass
basis. In the mass basis the off-diagonal terms are imaginary and the magnetic moment matrix is antisymmetric [32]
:
Majorana : µij = −µji, µij = −µ∗ij . (III.9)
Recall that the arguments based on the effective field theory, summarized above, utilized the antisymmetry of the
Majorana magnetic moment matrix in the flavor space. For three flavors, this is easiest to explore using the Gell-Mann
SU(3) matrices, given in the Appendix. The neutrino mixing matrix of Eq. (A.2) can be cast in the form Eq. (A.3).
When all the phases are set equal to zero, this matrix is only acts in the SO(3) subspace. Clearly the Majorana
magnetic moment matrix of Eq. (III.9) is also an SO(3) matrix (λ2, λ5 and λ7 are the only imaginary antisymmetric
SU(3) matrices). Hence the transformation of Eq. (III.8) leaves the magnetic moment matrix in the SO(3) subspace
if all the phases are zero, i.e. Majorana magnetic moment matrix is also antisymmetric and purely imaginary in the
flavor space. If the CP-violating phase δ is non-zero, then the Majorana magnetic moment matrix include diagonal
terms in the flavor space proportional to sin δ even if the Majorana phases α1 and α2 are ignored.
Defining the matrix
Tij = e
−iEjLδij , (III.10)
the effective neutrino magnetic moment µ2eff , measured at a distance L from the reactor, can be written as
µ2eff = (UTµµ
†T †U†)ee. (III.11)
8Note that in the same notation the electron neutrino survival amplitude, measured at a distance L from the reactor,
is
A(νe → νe) = (U†TU)ee. (III.12)
The non-zero contributions of the T matrices to Eq. (III.11) come from neutrino mass differences. If there are no
sterile neutrinos these are δm221 and δm
2
31, which are well known. Hence at distances where detectors are placed for
neutrino magnetic moment measurements (few tens of meters), the T matrices can be replaced by the identity and
we get
µ2eff = (µ
(F )µ(F )†)ee. (III.13)
IV. STERILE NEUTRINOS
If there are one or more sterile neutrinos, Eq. (III.13) no longer holds at distances where detectors are placed for
neutrino magnetic moment measurements. For example for one sufficiently heavy sterile neutrino the phases with
arguments (E4 − Ei)L ∼ (δm24iL)/2E average to zero and we get
µ2eff =
3∑
i,j=1
Uei(µµ
†)ijU
†
je + Ue4(µµ
†)44U
†
4e. (IV.1)
It is worthwhile to elaborate on the range of validity of this approximation. Note that the potential contribution from
such terms to the count rate in the detectors can be seen from Eqs. (II.6) and (II.7) to be proportional to
A4i =
∫ ∞
Eν ,min
2
α2pi
m2e
[
1
Te
− 1
Eν
] [
cos
(
δm24iL
2Eν
)](
dN
dEν
)
dEν , (IV.2)
where dN/dEν is the incoming neutrino flux. We plot this contribution in Figure 7 as function of L for several values
of δm2. In writing Eq. (IV.2) we assumed that the terms multiplying A4i are real. If they were complex (e.g. with
CP-violating phases) then a similar quantity with sin
(
δm24iL
2Eν
)
, which would behave in the same oscillatory manner,
needs to be considered. Here L is the distance between the point of production of the neutrino and the detector. An
additional average over the detector core is not shown in this figure, but such an average would reduce the count rate
further. From this figure we see that for δm24i ≥ 1.78 eV2 (see below) the terms containing phases with arguments
(E4 − Ei)L ∼ (δm24iL)/2E in Eq. (III.13) average to zero.
The survival probability of neutrinos at the same location can be written by averaging over the squares of the sines
of the same phases as
P (ν¯e → ν¯e) = 1− 2|Ue4|2 + 2|Ue4|4. (IV.3)
In this work to be consistent we only use fits to the possible deficits to the reactor neutrino fluxes, since magnetic
moments are also measured at the reactors. For one sterile neutrino, such a fit yields [33]
|Ue4| ∼ 0.151, δm241 ∼ 1.78eV 2. (IV.4)
One should also note that non-diagonal components of the neutrino electric and magnetic dipole moments give rise
to radiative decays of the mass eigenstates into one another, νi → νj + γ, if the phase space permits it. This decay
width in the rest frame is given by [34–36]
Γi→j =
|µij |2 + |ij |2
8pi
(
m2i −m2j
mi
)3
= 5.308s−1
(
µtotal,ij
µB
)2(m2i −m2j
m2i
)3 (mi
eV
)3
, (IV.5)
where µ2total,ij includes contributions from both electric and magnetic moments of the neutrino. Neglecting the active
neutrino masses, this yields a sterile state lifetime of
τ4→i ∼
(
µB
µ4i
)2
× 10−9y, i = 1, 2, 3. (IV.6)
9FIG. 7: (Color online) The contribution of the phases with arguments (E4−Ei)L ∼ (δm24iL)/2E to the count rate as a function
of the distance from the point of neutrino production L. The dashed (black) line is for δm24i = 1 eV
2, the solid (red) line is
for δm24i = 1.78 eV
2, and the dotted (blue) line is for δm24i = 3 eV
2. The electron kinetic energy is taken to be Te = 2.8 keV
(GEMMA’s threshold).
Even for the GEMMA upper limit on the neutrino magnetic moment, this gives a lifetime of longer than 1.18× 1012
years, significantly longer than the age of the Universe, 13.8 × 109 years. Hence such a sterile state can treated as
stable.
Eq. (IV.1) can be regrouped as
µ2eff =
3∑
k=1
∣∣∣∣∣
3∑
i=1
Ueiµik
∣∣∣∣∣
2
+
∣∣∣∣∣
3∑
i=1
Ueiµi4
∣∣∣∣∣
2
+ |Ue4|2
3∑
i=1
µi4µ4i, (IV.7)
where we have assumed that neutrinos are Majorana particles. Applying the Cauchy-Schwarz inequality to the
individual sums in Eq. (IV.7), we obtain the inequality
µ2eff ≤
3∑
i=1
µ2i4 +
(
1− |Ue4|2
) 3∑
i,j=1
µ2ij . (IV.8)
In Figure 8 we plot the allowed regions of the sterile neutrino contribution µ2i4 versus the combination
∑3
i,j=1 µ
2
ij
coming from the active flavors only. The two allowed regions shown correspond to the GEMMA’s upper bound of
µν ≤ 2.9 × 10−11µB and the red giant limit of µν ≤ 3 × 10−12µB . For comparison the Standard Model prediction
with active flavors with masses between 10−4 and 1 eV is also shown as a black band.
V. CONCLUSIONS
Finding a more conclusive value for the neutrino magnetic moment is clearly an important goal as it not only affects
astrophysical processes, but reveals much needed information about the nature of the neutrino. As we have shown,
given that most of the neutrino parameters have been well measured, the prediction of the standard model will be
pretty much pinned down once the absolute value of the neutrino mass and hierarchy are also known. Within the
10
FIG. 8: (Color online) The allowed regions of the sterile neutrino contribution µ2i4 versus the combination
∑3
i,j=1 µ
2
ij coming
from the active flavors only in the case that neutrinos are Majorana. The GEMMA and the low-mass red giant (LMRG) limits
are shown. The black band is the standard model prediction for the active flavor masses between 10−4 and 1 eV.
minimum neutrino mass range of 10−4 to 1 eV, the ranges for the electron neutrino magnetic moment given by the
standard model for both Dirac [3× 10−21, 3× 10−19] µB and Majorana [5× 10−25, 8× 10−23] µB are currently well
below experimental observation. The recoil energies reactor based experiments would need to be able to detect to
confirm standard model predictions are impractically small (a neutrino magnetic moment on the order of 10−19µB
would require the ability to observe an electron recoil energy on the order of 10−12 to 10−13 eV for the cross section
to be visible over the standard weak background). However, pushing experimental thresholds lower is still desirable
since it is evident that the effective magnetic moment is greatly influenced by physics beyond the standard model.
The presence of physics beyond the standard model in the form of a light sterile neutrino and whether neutrinos are
Dirac or Majorana particles are both areas of active research which would be directly affected by the observation of
a neutrino magnetic moment that is larger than what is predicted by the standard model. Reactor experiments, such
as GEMMA and TEXONO, working to measure this quantity give the most reliable upper bounds since the values
given by astrophysical considerations, such as low-mass red giant cooling, are highly model dependent. Here we have
illustrated that a light sterile neutrino could contribute to the effective magnetic moment observed by electron-neutrino
scattering experiments, but would not affect the kinematics. If future reactor experiments are able to confirm the
existence of a light sterile neutrino, the observation of a large effective magnetic moment would suggest at least two
possibilities. One possibility is that the three known active neutrinos have additional interactions which significantly
contribute to their magnetic moments. The other possibility is that although sterile neutrinos do not interact weakly,
their magnetic moments are much larger than those of the three standard active neutrinos. Such interactions would
greatly impact the physics that goes into examinations of astrophysical processes such as core-collapse supernovae.
This work was supported in part by the U.S. National Science Foundation Grant No. PHY-1205024, in part by the
University of Wisconsin Research Committee with funds granted by the Wisconsin Alumni Research Foundation.
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Appendix A: Properties of the Fundamental Representations of SU(3) and SU(4)
We take the eight Gell-Mann matrices for SU(3) to be
λ1 =
0 1 01 0 0
0 0 0
 , λ2 =
0 −i 0i 0 0
0 0 0
 , λ3 =
1 0 00 −1 0
0 0 0
 , λ4 =
0 0 10 0 0
1 0 0
 ,
λ5 =
0 0 −i0 0 0
i 0 0
 , λ6 =
0 0 00 0 1
0 1 0
 , λ7 =
0 0 00 0 −i
0 i 0
 , λ8 = 1√
3
1 0 00 1 0
0 0 −2
 . (A.1)
The 3× 3 neutrino mixing matrix,
U =
 1 0 00 C23 S23
0 −S23 C23
 C13 0 S13e−iδCP0 1 0
−S13eiδCP 0 C13
 C12 S12 0−S12 C12 0
0 0 1
 1 0 00 eiα1/2 0
0 0 eiα2/2
 , (A.2)
where Cij = cos θij , Sij = sin θij , δCP is the CP-violating phase and α1,2 are the Majorana phases, can be written in
terms of the Gell-Mann matrices as
U = eiθ23λ7e−iδ(λ3+
√
3λ8)/4eiθ13λ5e+iδ(λ3+
√
3λ8)/4eiθ12λ2e
i
[
α1+α2
6 I+
α1−2α2
4
√
3
λ8+
α1
4 λ3
]
. (A.3)
It can easily be verified that λ7, λ5, and λ2 form the SO(3) subalgebra of SU(3). Hence if all the phases are set equal
to zero, then the neutrino mixing matrix becomes an SO(3) transformation.
For four flavors we need to consider the fundamental representation of the SU(4) group. We will only write down
the six matrices which are antisymmetric. Three of those are λ7, λ5, and λ2 of SU(3), embedded into four by four
matrices:
L1 =
0 0 0 00 0 −i 00 i 0 0
0 0 0 0
 , L2 =
0 0 −i 00 0 0 0i 0 0 0
0 0 0 0
 , L3 =
0 −i 0 0i 0 0 00 0 0 0
0 0 0 0
 . (A.4)
The other three include the fourth mass eigenstate:
K1 =
0 0 0 −i0 0 0 00 0 0 0
i 0 0 0
 ,K2 =
0 0 0 00 0 0 −i0 0 0 0
0 i 0 0
 ,K3 =
0 0 0 00 0 0 00 0 0 −i
0 0 i 0
 . (A.5)
Again it is easy to verify that
1
2
(Li +Ki), i = 1, 2, 3, (A.6)
and
1
2
(Li −Ki), i = 1, 2, 3, (A.7)
generate two mutually commuting SO(3) algebras. Hence, if all the phases are set equal to zero, the four-flavor
neutrino mixing matrix becomes an SO(4) ∼ SO(3)× SO(3) transformation.
[1] L. B. Okun, M. B. Voloshin and M. I. Vysotsky, Sov. Phys. JETP 64, 446 (1986) [Zh. Eksp. Teor. Fiz. 91, 754 (1986)].
[2] C. -S. Lim and W. J. Marciano, Phys. Rev. D 37, 1368 (1988); E. K. Akhmedov, Phys. Lett. B 213, 64 (1988).
[3] H. Minakata and H. Nunokawa, Phys. Rev. Lett. 63, 121 (1989); A. B. Balantekin, P. J. Hatchell and F. Loreti, Phys.
Rev. D 41, 3583 (1990); R. S. Raghavan, A. B. Balantekin, F. Loreti, A. J. Baltz, S. Pakvasa and J. T. Pantaleone, Phys.
Rev. D 44, 3786 (1991).
12
[4] P. A. Sturrock, Solar Phys. 254, 227 (2009) [arXiv:0802.3399 [hep-ph]].
[5] A. B. Balantekin and C. Volpe, Phys. Rev. D 72, 033008 (2005) [hep-ph/0411148].
[6] Y. Gando et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 90, 171302 (2003) [hep-ex/0212067]; B. Aharmim
et al. [SNO Collaboration], Phys. Rev. D 70, 093014 (2004) [hep-ex/0407029]; G. Bellini et al. [Borexino Collaboration],
Phys. Lett. B 696, 191 (2011) [arXiv:1010.0029 [hep-ex]].
[7] G. G. Raffelt, Phys. Rev. Lett. 64, 2856 (1990); A. Heger, A. Friedland, M. Giannotti and V. Cirigliano, Astrophys. J.
696, 608 (2009) [arXiv:0809.4703 [astro-ph]].
[8] N. Viaux, M. Catelan, P. B. Stetson, G. Raffelt, J. Redondo, A. A. R. Valcarce and A. Weiss, Astron. Astrophys. 558,
A12 (2013) [arXiv:1308.4627 [astro-ph.SR]].
[9] A. G. Beda, V. B. Brudanin, V. G. Egorov, D. V. Medvedev, V. S. Pogosov, E. A. Shevchik, M. V. Shirchenko and
A. S. Starostin et al., Phys. Part. Nucl. Lett. 10, 139 (2013).
[10] M. Deniz et al. [TEXONO Collaboration], Phys. Rev. D 81, 072001 (2010) [arXiv:0911.1597 [hep-ex]].
[11] K. N. Abazajian, M. A. Acero, S. K. Agarwalla, A. A. Aguilar-Arevalo, C. H. Albright, S. Antusch, C. A. Arguelles and
A. B. Balantekin et al., arXiv:1204.5379 [hep-ph].
[12] G. Mention, M. Fechner, T. .Lasserre, T. .A. Mueller, D. Lhuillier, M. Cribier and A. Letourneau, Phys. Rev. D 83, 073006
(2011) [arXiv:1101.2755 [hep-ex]].
[13] P. Huber, Phys. Rev. C 84, 024617 (2011) [Erratum-ibid. C 85, 029901 (2012)] [arXiv:1106.0687 [hep-ph]].
[14] A. C. Hayes, J. L. Friar, G. T. Garvey and G. Jonkmans, arXiv:1309.4146 [nucl-th].
[15] Z. Djurcic, et al., arXiv:1309.7647 [physics.ins-det]; A. P. Serebrov, et al., arXiv:1310.5521 [physics.ins-det]; M. Harada, et
al., arXiv:1310.1437 [physics.ins-det]; G. Guo, F. Han, X. Ji, J. Liu, Z. Xi and H. Zhang, arXiv:1303.0607 [physics.ins-det].
[16] J. Kopp, P. A. N. Machado, M. Maltoni and T. Schwetz, JHEP 1305, 050 (2013) [arXiv:1303.3011 [hep-ph]].
[17] H. Bethe, Proc. Cambridge Philos. Soc. 31, 108 (1935); G. V. Domogatsky and D. K. Nadezhin, Yad. Fiz. 12, 1233 (1970).
[18] A. O. Barut, Z. Z. Aydin and I. H. Duru, Phys. Rev. D 26, 1794 (1982).
[19] W. Grimus and P. Stockinger, Phys. Rev. D 57, 1762 (1998) [hep-ph/9708279].
[20] J. F. Beacom and P. Vogel, Phys. Rev. Lett. 83, 5222 (1999) [hep-ph/9907383].
[21] S. Sarantakos, A. Sirlin and W. J. Marciano, Nucl. Phys. B 217, 84 (1983).
[22] B.W. Lee and R. Shrock, Phys. Rev. D 16, 1444 (1977); K. Fujikawa and R. Shrock, Phys. Rev. Lett. 45, 963 (1980).
[23] R. N. Mohapatra and P. B. Pal, World Sci. Lect. Notes Phys. 60, 1 (1998) [World Sci. Lect. Notes Phys. 72, 1 (2004)].
[24] J. Beringer et al. [Particle Data Group Collaboration], Phys. Rev. D 86, 010001 (2012).
[25] A. Melchiorri, P. Serra, S. Dodelson and A. Slosar, New Astron. Rev. 50, 1020 (2006); K. N. Abazajian, E. Calabrese,
A. Cooray, F. De Bernardis, S. Dodelson, A. Friedland, G. M. Fuller and S. Hannestad et al., Astropart. Phys. 35, 177
(2011) [arXiv:1103.5083 [astro-ph.CO]].
[26] P. A. R. Ade et al. [Planck Collaboration], arXiv:1303.5076 [astro-ph.CO].
[27] S. Weinberg, Phys. Rev. Lett. 43, 1566 (1979).
[28] A. B. Balantekin, AIP Conf. Proc. 847, 128 (2006) [hep-ph/0601113].
[29] N. F. Bell, V. Cirigliano, M. J. Ramsey-Musolf, P. Vogel and M. B. Wise, Phys. Rev. Lett. 95, 151802 (2005) [hep-
ph/0504134].
[30] N. F. Bell, M. Gorchtein, M. J. Ramsey-Musolf, P. Vogel and P. Wang, Phys. Lett. B 642, 377 (2006) [hep-ph/0606248].
[31] S. Davidson, M. Gorbahn and A. Santamaria, Phys. Lett. B 626, 151 (2005) [hep-ph/0506085].
[32] C. Broggini, C. Giunti and A. Studenikin, Adv. High Energy Phys. 2012, 459526 (2012) [arXiv:1207.3980 [hep-ph]].
[33] J. Kopp, M. Maltoni and T. Schwetz, Phys. Rev. Lett. 107, 091801 (2011) [arXiv:1103.4570 [hep-ph]].
[34] W. J. Marciano and A. I. Sanda, Phys. Lett. B 67, 303 (1977).
[35] S. T. Petcov, Sov. J. Nucl. Phys. 25, 340 (1977) [Yad. Fiz. 25, 641 (1977)] [Erratum-ibid. 25, 698 (1977)] [Erratum-ibid.
25, 1336 (1977)].
[36] P. B. Pal and L. Wolfenstein, Phys. Rev. D 25, 766 (1982).
